In this paper, we prove the O'Neil inequality for the k-linear convolution operator in the Lorentz spaces. As an application, we obtain the necessary and sufficient conditions on the parameters for the boundedness of the k-sublinear fractional maximal operator M ,α (f) and the k-linear fractional integral operator I ,α (f) with rough kernels from the spaces 
Introduction
Let k ≥  be an integer and θ j (j = , , . . . , k) be fixed, distinct and nonzero real numbers, and let f = (f  , . . . , f k ). The k-linear convolution operator f ⊗ g is defined by
Let ∈ L s (S n- ), s ≥  and be homogeneous of degree zero on R n , and let  < α < n, where S n- is the unit sphere in R n . The k-sublinear fractional maximal function with rough kernel is defined by M ,α (f)(x) = sup r>  r n-α |y|<r (y) f  (x -θ  y) . . . f k (x -θ k y) dy, and the k-linear fractional integral with rough kernel is defined by
This paper consists of four sections. In Section , some lemmas needed to facilitate the proofs of our theorems and the O'Neil inequality for rearrangements of the k-linear convolution operator f ⊗ g proved in [] are given. In Section , we prove the O'Neil inequality for the k-linear convolution operator in the Lorentz spaces. Finally, in Section , we obtain rearrangement estimates for the multilinear fractional maximal function and multilinear fractional integral with rough kernels. We prove the boundedness of the multilinear fractional maximal operator M ,α and the multilinear fractional integral operator I ,α with rough kernels from the spaces
where p and r are the harmonic means of p  , p  , . . . , p k >  and r  , r  , . . . , r k > , respectively. We show that the conditions on the parameters ensuring the boundedness cannot be weakened.
Preliminaries
We need the following two generalized Hardy inequalities (see [] ) which are to be used in the proof of Theorem ..
We denote by M(R n ) the set of all extended real-valued measurable functions on R n .
When v is a non-negative measurable function on (, ∞), we say that v is a weight. We denote
For simplicity we suppose that  < V (t) < ∞,  < W (t) < ∞ for all t >  and V (∞) = ∞, W (∞) = ∞.
Lemma . []
Let  < r ≤ s < ∞ and let v, w be weights. Then the inequality
holds for all non-negative and non-increasing g on (, ∞) if and only if
and the best constant C in (.) equals A  .
Lemma . [, ] Let r, s ∈ (, ∞) and let v, w be weights.
holds for all non-negative and non-increasing g on (, ∞) if and only if A  < ∞,
and the best constant C in (.) satisfies C ≈ A  + A  .
(ii) Let  < r ≤ , r ≤ s. Then (.) holds if and only if A  < ∞,
and the best constant C in (.) satisfies C ≈ A  + A  .
Lemma . [] Let r, s ∈ (, ∞) and let u, v, w be weight functions.
holds for all non-negative and non-increasing g on (, ∞) if and only if (i) Let  < r < ∞. Then the inequality
and the best constant C in (.) equals A  .
(ii) Let  < r ≤  and r ≤ s. Then (.) holds if and only if
and the best constant C in (.) equals A  .
Lemma . []
Let r ∈ (, ∞) and let u, v, w be weight functions.
holds for all non-negative and non-increasing g on (, ∞) if and only if
and the best constant C in (.) equals A  .
(ii) Let  < r ≤ , r ≤ s. Then (.) holds if and only if
and the best constant C in (.) equals A  .
Let g be a measurable function on R n . The distribution function of g is defined by the equality
We shall denote by L  (R n ) the class of all measurable functions g on R n , which are finite almost everywhere and such that λ g (t) < ∞ for all t >  (see [] ). If a function g belongs to L  (R n ), then its non-increasing rearrangement is defined to be the function g * which is non-increasing on (, ∞) equi-measurable with |g(x)|:
for all τ ≥ . Moreover, by the Hardy-Littlewood theorem (see [] , p.) and for every
Equi-measurable rearrangements of functions play an important role in various fields of mathematics. We give some of the main important properties (see, for example, []):
() for any t >  and for any set E,
We denote by WL p (R n ) the weak L p space of all measurable functions g with finite norm
is the set of all classes of measurable functions f with the finite quasi-norm
In the case  < p, q < ∞ we define
that is, the quasi-norms f pq and f (pq) are equivalent.
Then, for all x ∈ R n and nonzero real num-
In the following, we give the O'Neil inequality for rearrangements of the multilinear convolution operator f ⊗ g proved in [] .
Then, for all  < t < ∞, the following inequality holds:
O'Neil inequality for the multilinear convolutions in the Lorentz spaces
In this section, we prove the O'Neil inequality for the multilinear convolutions in the Lorentz spaces. It is said that p is the harmonic mean of 
and
where K(p, q, r, s, m) = κ and 
. By using inequality (.), we have
the necessary and sufficient condition is 
Note that the best constant C  in (.) satisfies C  ≈ A  + A  . From Lemma ., for the validity of inequality (.), the necessary and sufficient condition is A  < ∞. Consequently, using inequalities (.), (.) and applying the Hölder inequality, we obtain
Thus the proof of Theorem . is completed.
where in the case
and in the case m
of rough multilinear fractional integral operators
In this section, we prove the Sobolev type theorem for the rough multilinear fractional integral I ,α f.
therefore g ∈ WL n/(n-α) (R n ) and equality (.) is valid.
where |f| = (|f  |, . . . , |f k |).
alently  ≤ q ≤ ∞) and
when n/(n + α) ≤ p < n/α, and
Finally, in the following theorem we obtain the necessary and sufficient conditions for the rough k-linear fractional integral operator I ,α to be bounded from the Lorentz spaces
p and r be the harmonic means of p  , p  , . . . , p k >  and r  , r  , . . . , r k > , respectively. If
Proof Sufficiency of the theorem follows from Theorem ..
Necessity. Suppose that the operator
and f pr = k j= f j p j r j . Then it can be easily shown that
where C is independent of f. Then we get
as t → ∞. Therefore we get /p = /q + α/n.
Corollary . []
Let  < α < n, p be the harmonic mean of p  , p  , . . . , p k > , be homogeneous of degree zero on R n and ∈ L n/(n-α) (S n- ). If n/(n + α) ≤ p < n/α, then the condition /p -/q = α/n is necessary and sufficient for the boundedness of Theorem . Let  < α < n, be homogeneous of degree zero on R n , ∈ L n/(n-α) (S n- ), p and r be the harmonic means of p  , p  , . . . , p k >  and r  , r  , . . . , r k > , respectively. If  < p < n/α,  < r ≤ s < ∞ or n/(n + α) ≤ p ≤ ,  < r ≤ s < ∞, then the condition /p -/q = α/n is necessary and sufficient for the boundedness of
to L qs (R n ).
Proof Sufficiency part of the theorem follows from Theorem . and Lemma .. Necessity. Suppose that the operator M ,α is bounded from
to L qs (R n ), and n/(n + α) ≤ p < n/α,  < r ≤ s < ∞. Then we have 
